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1. Introductions 
 
Hawking's original discovery of quantum thermal radiation of black holes has been extensively 
studied in the fourth quarter of the last century [1]. An important subject in black hole physics is to reveal 
the thermal and non-thermal properties of various black holes. The last few decades has witnessed much 
progress in investigating the thermal radiation and non-thermal radiation of scalar fields or Dirac particles 
in many different kinds of black holes. Nevertheless, most of these researches had concentrated on static or 
stationary concrete black holes (e.g., [2-4]) since the original derivation of black hole evaporation involves 
gravitational collapse and is technically rather complicated [1]. It is, however, possible to understand the 
particle emission within the approaches that do not depend heavily on the gravitational collapse itself. Thus 
in 1976, Damour and Ruffini presented a treatment in which the gravitational field is independent of time 
[5]. In their approach the particle emission arises directly from a quantum mechanical barrier penetration 
across the event horizon of black holes. Sannan improved their method and obtained the probability 
distributions of both bosons and fermions emitted to infinity [6]. Then in the 1990s, Refs. [7-9] made 
further improvements in these parts, and calculated the location of the event horizon and the temperature of 
nonstationary black holes simultaneously by using the method of generalized tortoise coordinate 
transformation, and obtained the Hawking thermal spectrum. Ref. [7-9]'s results are consistent with those 
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and , , , , , , ,e r p a m g b t  are complex conjugates of , , , , , , ,e r p a m g b t . 
To investigate the thermal radiation of spin-1/2 particles, we to need deal with the behavior of the sec-
ond order Dirac equations near the event horizon. It is consistent to consider the asymptotic behavior of both
the first and second order Dirac equations at the same time since the four-component Dirac spinors should
satisfy both of them. By substituting Eq. (7) and Eq. (8) into Eq. (9) and Eq. (10), one can obtain the second 
order form of Dirac equations for ( 1F , 2F ) components as follows 
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Introducing the generalized tortoise coordinate transformation [5-9, 12-14, 16-18, 30] 
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where 0 0 0, ,v q j  are parameters under the tortoise transformation, ( )0 0 0, ,vk k q jº  is an adjustable 
parameter that depends on time and angular coordinates.  
 
The methods of generalized tortoise coordinate transformation can simultaneously obtain the exact values
001110111 81111 ,11118018831 .801011 <108131 1118110118181101110 110211011 1110110 011110 01018103111101 01110118 110118001 011110
1101180160 01181111 018011818 8 010110018610831 01011 6108131 1111110101 12 1111101180160 081131 10 110010}(-11101<1 000001 01 81
01811101000 031111-08101101 11011111100 0111 81112118101108 1131 110211011 1110110 0111 112011 0118 0018100
0111 10 111111818 0081108 0111 81 311 010111111( ]6 ,5[ 011111008318 111811011818 10 011818 12 111 ) הוו - ו1(111% + 1 = ;1
0111 811111110118 1131 01112 011111008318 11181101181811011 10 01181811011 12 111 111101 181111118 12 01 )110211011 1110110 0010018
. 01,0 8018118 0111 0118 ;1 + לו = )1 0111110001181108 011110 1101101101 12 031 01 ]117 110211011 1110110 0111 10 1101112001
;ו ,11011101100 81111 111 0118 ,110211011 1110110 0111 0018100 011111008318 0111 011110800 111110 801811101000 08101101 0111
0111 112 /1111111111 0111188011 01 801101 ;ו 0118 ,1111031 0111111111 0111 01 811111080131318 110111121 /1111111111 0111118031 01 801101
01 11181121 01121 18111 110211011 1110110 0111 0018100 011111008318 0111 8031110800 1118001101101 81111 ,1081 111 .110211011 1110110
0111 108 01 1111 01121 110111121 ( 80111181081118 0111 111 110801 1011 00 801811101000 08101101 0111 1101111111 111 ,0188118011111
,11111111111 0111188011 01 811101101 ;ו 10 1111111 0111 06181 1180 01111 ,110211011 1110110 0111 18011 1101180160 1100103(-111001
1110110 0111 18011 1101180160 1100103(-111001 0111 10 111101 0111111 111011111100 0111 11181310 01121 110111 , 1137 >־ “7 .0.1
1101101101 01181121 811108100 0111 0110110 1180 01121 ,110211011 1110110 0111 0018111 011111008318 0111 101 ,0818 01181 .) 110211011
113181881831 0111 008( 0118131-1 1101310100 11811-10111101 0111 118001111 110211011 1110110 0111 01111 110118011111100 0111118118 1131
.)8118100 101 )32( .1631 0101031
10 1111111 0111 8110181 0118 )01-7( .1631 01 110118111101811811 01811101000 08101101 002118101108 0111 811111131318
,))08§,00,0]1 ׳(1}^1 ›- וו , 081 >- 09 , 00 0 0 , 011 ›- ט/ 811108013101 ]:11 1- וו ,10118010110118 010101117 >־ וו
108 1180 01111
8188 1718111 - 1.81 _ 58
;10
__
;18 777877 11-1711111
1111 _ 81191
598 171111171 -
;18
__
<37 ;18 7777877 111/-17111111/
17777 _ 208
_
@ 7787717877
) (
;10
__
;18 7777877 17111/21- 11
@ ,7812171 - 1.71 _ 108
;187
__
;18 7777877 17111111- 111'
,111011108118118 011108 8111 ,)11( .1631 01 110118111101811811 01811101000 08101101 002118101108 0111 811111131318 110111
10 8111111311110111
> 22 _ 1022
],1117 9-11-111117-1131/21 90111 101 81101180160 10010 0110008 011111 0111 10 80018 111031 01 ]0
“7 10 1111111 0111 8110181 111181111 ,]81-61 ,41-21 ,9-7[ 2 031 01 778 778 0118 778 778 10 111010111000. . . 2 2 1 20 .
11/17 >־
111011110 111101 0011110 8 11181310 1180 01111 ,81101180160 011111 0111 01111 )31( .1631 81111011183108 0118
/118 /128 /128 /128 /128
)41( ו ;10 *41 + *300118 + *001,10 + *110110 + 21180 = 0 8 12 11
010111111
2131121119 777771 8 .1
:<1,11`2],111 וו “ה“9 +11 -111112 ־ 111/21171111192 ־ 211 ?411112 ־
ו ]1111309 211 +>1דו ו /1121100111 2 *0112 1110
2192 8 8
]1117219 _ 3192 :_ 0 ]7111219 ־
ו 7777877 781,109 _ 109 ו 7777877 77מוו]09 _ 109
 6
0 1 2 3 42 ( )A i C C C C C* *= + + + + , 
1
,
0 01 0
,
H
j
H j
j
H j r r
A g A g r
C e
g g r
m mm m

-= - , 
( ) ( )[ ]
11 1
, , ,
3 01 0
,
2
2
2 [ 2 1 ]
H
j jk
H j H j H k
j
H H H j r r
g g r g r r
C
r r g r r g r
k k k* 
- += - - - + - , 
,
4 01 0
,
H
jk
H jk
j
H j r r
g r
C
g g r 
-= - , 
( ) ( ) ( ) ( )[ ]
( ) ( )[ ] ( )
( ) ( ) ( ) ( )[ ]
( ) ( )[ ] ( )
( )( ) ( ) ( )
1 1 1 1
2 ,01 0
,
1 1 1
, ,
,
, , ,
1 1 1 1
, ,01 0 1
, ,
1
{{2 2 2
}
{2 2 2
} }
1
{{
H
H
H
j
H j r r
j j j j
j j j
H j r r
j j
H j H j r r
C n l m m n
g g r
l m m m m
n l m m n
l m m m m r
n m m n n m
g g r n r n
m m
m mm m
m m
m mm m
m mm m
b t b t e r e r
m g m g
b t b t e r e r
m g m g
p a m g m



= - - - - + - + --
+ - + - - +
- - - - - + - + -
+ - + - - +
+ - + - + - - -- - ( ) ( )[ ]
( ) ( ) ( ) ( )[ ] ( )
( ) ( ) ( ) ( )[ ]
( ) ( ) ( ) ( )[ ] ( )
1 1
1
, , , ,
1 1 1 1 1 1
, ,
1
, , , ,
}
{
} }
H
j j j j j j j
H j H j
j j j j j j j
H j H j r r
m n
n m m n n m m n r m m r
n m m n n m m n
n m m n n m m n r m m r
m mm m
m mm m
m mm m
g b t
p a m g m g b t
p a m g m g b t
p a m g m g b t 
- -
- - + - + - - - - - -
+ - + - + - - - - -
- - + - + - - - - - -
, 
( ) ( )[ ] ( ) ( )[ ] ( )
( ) ( )[ ] ( ) ( )[ ] ( )
( )( ) ( ) ( ) ( )
1 11 1
, ,
1 01 0
,
, ,
,
1 1 1 1 1
, ,01 0 1
, ,
1
{
2 2 2
}
2 2 2
1 1
{{
2
H
H
H
j
H j r r
j jj j
H j
r r
j j
H j H j r r
m m m ml n
C
i i ig g r
m m m ml n
r
i i i
n m m n n m m
ig g r n r n
m mm m
m mm m
m mm m
m g m g e r e r
m g m g e r e r
p a m g m g b



ì ü-ï ï- - - - - -ï ï= + -í ýï ï- ï ïî þ
ì ü-ï ï- - - - - -ï ï- + -í ýï ïï ïî þ
+ - + - + - - - -- - ( )[ ]
( ) ( ) ( ) ( )[ ] ( )
( ) ( ) ( ) ( )[ ]
( ) ( ) ( ) ( )[ ] ( )
1
1
, , , ,
1 1 1 1 1 1
, ,
1
, , , ,
}
{
} }
H
j j j j j j j
H j H j
j j j j j j j
H j H j r r
n
n m m n n m m n r m m r
n m m n n m m n
n m m n n m m n r m m r
m mm m
m mm m
m mm m
t
p a m g m g b t
p a m g m g b t
p a m g m g b t 
-
- - + - + - - - - - -
- - + - + - - - - -
- - + - + - - - - - -
, 
for 1FY = , and 
 7
( ) ( ) ( ) ( )[ ]
( ) ( )[ ] ( )
( ) ( ) ( ) ( )[ ]
( ) ( )[ ] ( )
( )( ) ( ) ( )
1 1 1 1
2 ,01 0
,
1 1 1
, ,
,
, , ,
1 1 1 1
, ,01 0 1
, ,
1
{{2 2 2
}
{2 2 2
} }
1
{{
H
H
H
j
H j r r
j j j j
j j j
H j r r
j j
H j H j r r
C l n m m l
g g r
n m m m m
l n m m l
n m m m m r
l m m l l m
g g r l r l
m m
m mm m
m m
m mm m
m mm m
p a p a m g m g
e r e r
p a p a m g m g
e r e r
b t e r e



= - - - - + - + --
+ - + - - +
- - - - - + - + -
+ - + - - +
+ - + - + - - -- - ( ) ( )[ ]
( ) ( ) ( ) ( )[ ] ( )
( ) ( ) ( ) ( )[ ]
( ) ( ) ( ) ( )[ ] ( )
1 1
1
, , , ,
1 1 1 1 1 1
, ,
1
, , , ,
}
{
} }
H
j j j j j j j
H j H j
j j j j j j j
H j H j r r
m l
l m m l l m m l r m m r
l m m l l m m l
l m m l l m m l r m m r
m mm m
m mm m
m mm m
r p a
b t e r e r p a
b t e r e r p a
b t e r e r p a 
- -
- - + - + - - - - - -
+ - + - + - - - - -
- - + - + - - - - - -
, 
( ) ( )[ ] ( ) ( )[ ] ( )
( ) ( )[ ] ( ) ( )[ ] ( )
( )( ) ( ) ( ) ( )
1 11 1
, ,
1 01 0
,
, ,
,
1 1 1 1 1
, ,01 0 1
, ,
1
{
2 2 2
}
2 2 2
1 1
{{
2
H
H
H
j
H j r r
j jj j
H j
r r
j j
H j H j r r
m m m ml n
C
i i ig g r
m m m ml n
r
i i i
l m m l l m m
ig g r l r l
m mm m
m mm m
m mm m
m g m g e r e r
m g m g e r e r
b t e r e r p



ì ü-ï ï- - - - - -ï ï= + -í ýï ï- ï ïî þ
ì ü-ï ï- - - - - -ï ï- + -í ýï ïï ïî þ
+ - + - + - - - -- - ( )[ ]
( ) ( ) ( ) ( )[ ] ( )
( ) ( ) ( ) ( )[ ]
( ) ( ) ( ) ( )[ ] ( )
1
1
, , , ,
1 1 1 1 1 1
, ,
1
, , , ,
}
{
} }
H
j j j j j j j
H j H j
j j j j j j j
H j H j r r
l
l m m l l m m l r m m r
l m m l l m m l
l m m l l m m l r m m r
m mm m
m mm m
m mm m
a
b t e r e r p a
b t e r e r p a
b t e r e r p a 
-
- - + - + - - - - - -
- - + - + - - - - -
- - + - + - - - - - -
, 
for 2FY = . 
Here the numerator of I  is 
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One can see that this is the left side of Eq. (3), so the numerator approaches to zero, and the denominator 
also approaches to zero. Hence I  is an indeterminate form of 0
0
 type. Using L'Hospital's Rule and 
adjusting k  to let I  be 1  [7-9, 12-14, 16-18], then Eq. (14) becomes the standard wave equation in 
flat spacetime consequently, i.e. 
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which is the "surface gravity" of event horizon. 
By the same reason, 3C *  is also an indeterminate form of 
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 type. According to the similar method 
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Hence 
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( )( ) ( )[ ] ( )( ) ( )Im Im1 Re2 Re2 2 2 2 2 22 2B C A B C A Ai k k r k kv dv ii v A r
out e e e e e e
q j q j
p xw wx l pw x k ky ** * * *
+- - - - - -- - - -é ùòê ú= ⋅ ⋅ê úê úë û
. (24) 
From Eq. (22) and Eq. (24) we can obtain the relative scattering probability at the event horizon 
 
( )0
2 2
out
out
e
p w wky
y
- -= , (25) 
where 
 
( )
0
Im
2 2 2
B C A
k kq jw = + + . (26) 
Following Damour, Ruffini [5] and Sannan [6], we can get the thermal radiation spectrum of Dirac 
particles (or scalar particles) from general nonstationary black holes 
 0
1
1Bk T
N
e
w w w-=

, (27) 
and the Hawking temperature 
 2 B
T
k
k
p= , (28) 
where Bk  is Boltzmann constant, “ ” correspond to fermion and boson, respectively. The temperature 
T  is 
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And the chemical potential is 
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We know from Eq. (29) that T  depends on the time and different angles, so it is a distribution of 
temperatures. It is also interesting to find that the coefficient 1C  appears in the chemical potential, which 
may represent a particular energy term for Dirac particles. The physical meaning of 1C  will be discussed 
in section 4. 
 
3. Research on non-thermal radiation of general nonstationary black holes 
 
Now we use the methods and conclusions of references [22-28] to investigate the non-thermal 
radiation. 
Considering the Hamilton-Jacobi equation of moving particles 
 ( )( ) 20 0S Sg eA eAx xmn m nm n m¶ ¶+ + + =¶ ¶ . (31) 
Applying the generalized tortoise coordinate transformation to Eq. (31), via some simplifications, we 
let the solution of S
r*
¶
¶  be real, and define 2, ,
S S
P k
v q
w q* *
¶ ¶º - º º¶ ¶  3
S
P kjj*
¶ º º¶ . Finally we can 
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obtain the energy level distribution of the particles 
 ,  w w w w+ -³ £ . (32) 
When Hr r , we have 
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0w  is the maximum value of negative energy state after energy level overlapping near the event horizon. 
Therefore, the incident negative energy particles satisfying 0m w w< £  will become emerging positive 
energy particles via quantum tunneling effect. This is the non-thermal radiative process that has no relation 
to the temperature. 
 
4. Discussion 
 
The Hamilton-Jacobi equation describes the general behavior of moving particles in a non-statistical 
way, so it is suitable for investigating the non-thermal radiation. 
The thermal radiation spectrum (27) demonstrates that the total interaction energy of Dirac particles in 
a general nonstationary black hole is 
 
112 2 13 3
,, ,
0 101 0 01 0 01 0
, , ,
H H H
jj j
H jH j H j
j j j
H j H j H jr r r r r r
A g A g rg g r g g r
k k e C
g g r g g r g g r
m mm m
q jw
  
-- -= + + +- - -  , (34) 
where 
( ) ( )[ ] ( ) ( )[ ] ( )
( ) ( )[ ] ( ) ( )[ ] ( )
( )( ) ( ) ( ) ( )
1 11 1
, ,
1 01 0
,
, ,
,
1 1 1 1 1
, ,01 0 1
, ,
1
{
2 2 2
}
2 2 2
1 1
{{
2
H
H
H
j
H j r r
j jj j
H j
r r
j j
H j H j r r
m m m ml n
C
i i ig g r
m m m ml n
r
i i i
n m m n n m m
ig g r n r n
m mm m
m mm m
m mm m
m g m g e r e r
m g m g e r e r
p a m g m g b



ì ü-ï ï- - - - - -ï ï= + -í ýï ï- ï ïî þ
ì ü-ï ï- - - - - -ï ï- + -í ýï ïï ïî þ
+ - + - + - - - -- - ( )[ ]
( ) ( ) ( ) ( )[ ] ( )
( ) ( ) ( ) ( )[ ]
( ) ( ) ( ) ( )[ ] ( )
1
1
, , , ,
1 1 1 1 1 1
, ,
1
, , , ,
}
{
} }
H
j j j j j j j
H j H j
j j j j j j j
H j H j r r
n
n m m n n m m n r m m r
n m m n n m m n
n m m n n m m n r m m r
m mm m
m mm m
m mm m
t
p a m g m g b t
p a m g m g b t
p a m g m g b t 
-
- - + - + - - - - - -
- - + - + - - - - -
- - + - + - - - - - -
 (35) 
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example, the chemical potential at zero temperature is equivalent to the Fermi energy of a fermions system, 
which is a kind of boundary for energy levels), and the thermal radiation and non-thermal radiation have 
the forenamed relationship that the chemical potential (as its ordinary meaning) in thermal radiation 
spectrum is equal to the highest energy of negative energy state of scalar particles in non-thermal radiation. 
On the other hand, because a lot of general physical processes should satisfy quantitative causal 
relation with no-loss-no-gain character [32-34], e.g., Ref. [35] uses the no-loss-no-gain homeomorphic map 
transformation satisfying the quantitative causal relation to gain exact strain tensor formulas in 
Weitzenböck manifold. In fact, some changes ( cause ) of some quantities in (7) must result in the relative 
some changes ( result ) of the other quantities in (7) so that (7)’s right side keep no-loss-no-gain, i.e., zero, 
namely, (7) also satisfies the quantitative causal relation. And (2), (8-11), (31), (37) also satisfy the 
quantitative causal relation in the same way. Hence the researches in this letter are consistent. Also, the 
researches of this letter provide an alternative and convenient way to obtain the Hawking temperature. 
 
5. Summary and Conclusion 
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